Abstract. We review the extent to which the structure of the universal enveloping algebra of a Lie algebroid over a manifold M resembles a Hopf algebra, and prove a Cartier-Milnor-Moore theorem for this type of structure.
The concept of a Lie algebroid unifies many types of infinitesimal structures which occur naturally in different areas of geometry. Foliated manifolds, Poisson manifolds, Lie algebras and infinitesimal actions of Lie algebras on manifolds, for example, can all be viewed as Lie algebroids. Many Lie algebroids (but not all of them) arise as infinitesimal parts of Lie groupoids, just as finite-dimensional Lie algebras do from Lie groups.
The universal enveloping algebra of a Lie algebra is a Hopf algebra, and one recovers the Lie algebra by considering the primitive elements of the associated universal enveloping algebra. Furthermore, various forms of the Cartier-Milnor-Moore theorem give us equivalences between categories of Lie algebras and categories of cocommutative Hopf algebras.
The universal enveloping algebra of a Lie algebroid over M is not a Hopf algebra in general, but it has a structure known in the literature as a C ∞ (M )/R-bialgebra. In this note, we extend the Cartier-Milnor-Moore theorem from Lie algebras to Lie algebroids. Our result also extends a result of Nichols [15] which covers the special case of K/k-bialgebras for a field extension K/k. Our proof is different from the one of Nichols and is based on an extension to rings of some standard results for cocommutative coalgebras over fields, which we treat in Appendix A. It would be interesting to know whether the general results on triples of operads [7] can be extended to coloured operads so as to include our Cartier-Milnor-Moore theorem for Lie algebroids.
Lie algebroids and (k, R)-Lie algebras
In this section we will briefly recall the definition of Lie algebroids and mention some basic examples (see [9, 12] for more details, examples and historical remarks). We also review the construction of the universal enveloping algebra of a Lie algebroid and describe its universal property [17, 20] .
I. MOERDIJK AND J. MRČUN
Let M be a smooth manifold. Denote by T (M ) the tangent bundle of M and by X(M ) the Lie algebra of (smooth) vector fields on M . A Lie algebroid over M is a real smooth vector bundle π : g → M over M , together with a (smooth) map an : g → T (M ) of vector bundles over M (called the anchor) and a Lie algebra structure on the vector space Γg of (smooth) sections of g, such that (i) the induced map Γ(an) : Γg → X(M ) is a Lie algebra homomorphism, and (ii) the Leibniz identity
holds for any X, Y ∈ Γg and any f ∈ C ∞ (M ).
We write Γ(an)(X)(f ) = X(f ). The Lie algebroids over M form a category
where a morphism ψ : g → g is a map of vector bundles over M intertwining the anchors (i.e. an • ψ = an) such that the induced map Γψ : Γg → Γg is a morphism of Lie algebras.
Example 1.1.
(1) A finite-dimensional Lie algebra is a Lie algebroid over a point. ( 2) The tangent bundle T (M ) is a Lie algebroid over M with the identity map as its anchor.
(3) A foliation F on M is an integrable subbundle of T (M ) and therefore a Lie algebroid over M with the inclusion F → T (M ) as its anchor.
(4) The right invariant vector fields on a Lie groupoid over a manifold M (cf. [9, 12] ) correspond to sections of a vector bundle over M which is a Lie algebroid. The anchor map of this Lie algebroid is induced by the target map of the Lie groupoid. A Lie algebroid over M is integrable if it is isomorphic to the Lie algebroid associated to a Lie groupoid. There is an equivalence between the category of integrable Lie algebroids over M and the category of Lie groupoids over M with simply connected source-fibers (cf. [9, 12] and the references cited there), which extends the usual equivalence between finite-dimensional Lie algebras and simply connected Lie groups. The Lie algebroids in examples (1)-(3) are all integrable: The corresponding Lie groupoids with simply connected source-fibers are the simply connected Lie group associated to the Lie algebra, the fundamental groupoid of the manifold M and the monodromy groupoid associated to the foliation, respectively. However, not every Lie algebroid is integrable; for a characterization of integrability, see [2] .
The algebraic analogue of a Lie algebroid is a (k, R)-Lie algebra, where k is a field of characteristic 0 playing the role of R and R is a unital commutative kalgebra playing the role of C ∞ (M ). A (k, R)-Lie algebra is a Lie algebra L over k equipped with the structure of a unital left R-module and with a homomorphism of Lie algebras ρ : L → Der k (R) into the Lie algebra of derivations on R, which is a map of left R-modules satisfying the following Leibniz rule: (k, R)-Lie algebras were introduced and studied under different names by Herz [4] , Palais [18] and Rinehart [20] .
, and a (k, k)-Lie algebra is simply a Lie algebra over k.
(2) For arbitrary R, the Lie algebra Der k (R) is itself a (k, R)-Lie algebra if one takes ρ to be the identity map. More generally, if A is a unital k-algebra, then Der k (A) is a (k, Z(A))-Lie algebra, where Z(A) is the center of A and ρ : Der k (A) → Der k (Z(A)) is given by restriction; see [6] .
(3) In the special case k = R and R = C ∞ (M ) one has Der R (C ∞ (M )) = X(M ) [23] , while the Serre-Swan theorem implies that a unital left C ∞ (M )-module is isomorphic to the module of sections of a vector bundle over M if and only if it is finitely generated and projective. In other words, Lie algebroids over M are precisely the (R, C ∞ (M ))-Lie algebras which are finitely generated and projective as C ∞ (M )-modules. Therefore, we shall identify the category (LieAlgebroids) M with the corresponding full subcategory of the category (R,
Let L be an (k, R)-Lie algebra. The left R-module R ⊕ L has a natural Lie algebra structure, given by
be its universal enveloping algebra over k, obtained as the quotient of the tensor algebra of R ⊕ L over k with respect to the usual ideal.
The universal enveloping algebra of the (k, R)-Lie algebra L (see [20] ) is the quotient algebra
The universal enveloping algebra U (R, L) is characterized by the following uni-
In particular, the universal property of U (R, L) implies that there exists a unique
such that • ι L = ρ and • ι R is the canonical representation given by the multiplication in R. Since the canonical representation of R is faithful, we see that the map ι R is injective. We shall therefore identify ι R (R) with R, ι R (r) = r. We shall often denote ι L (X) by ι(X) or simply by X. In this notation, the algebra U (R, L) is generated by elements X ∈ L and r ∈ R, while r · X = rX and
where U (n) (R, L) is spanned by R and the powers ι(L) m , for m = 1, 2, . . . , n. We define the associated graded algebra as
where we take U (−1) (R, L) = {0}. It is a commutative unital algebra over R. Definition 1.3. Let g be a Lie algebroid over M . The universal enveloping algebra U (g) of g is the universal enveloping algebra of the underlying (R,
With zero bracket and representation, V is a (k, R)-Lie algebra. The corresponding universal enveloping algebra U (R, V ) is in this case the symmetric algebra S R (V ) (see the appendix below).
(2) For any Lie algebra over k, the universal enveloping algebra
(3) If G is a Lie groupoid over M and g its Lie algebroid, then the algebra of right invariant tangential differential operators on G is a concrete model for the universal enveloping algebra U (g) (see [17] ).
As for the classical universal enveloping algebra of a Lie algebra, there is a Poincaré-Birkhoff-Witt theorem for the universal enveloping algebra of a (k, R)-Lie algebra [20] : if the (k, R)-Lie algebra L is projective as a left R-module, then the natural map θ :
is injective in this case.
R/k-bialgebras
The universal enveloping algebra of a Lie algebra is a Hopf algebra, as is the group ring of a discrete group. In this section we will identify the algebraic structure common to the universal enveloping algebra of a Lie algebroid and the convolution algebra of anétale groupoid as that of an R/k-bialgebra. The definition of this structure goes back to [15, 16, 22, 24, 25] . Similar structures have occurred in the literature under various names such as quantum groupoids or Hopf algebroids (in the presence of an antipode of some kind); see e.g. [3, 5, 8, 10, 13, 14, 26] and the references cited there.
Let R be a unital commutative k-algebra as before. All modules considered will be unital left R-modules, and ⊗ R will always denote the tensor product of left Rmodules. Suppose that A is a unital k-algebra which extends R, i.e. such that R is a unital subalgebra of A. In particular, A is an R-R-bimodule. The left R-module A ⊗ R A (tensor product of A, viewed as a left R-module, with itself) is also a right R-module in two ways. Observe that A ⊗ R A is not necessarily an algebra in a natural way unless R lies in the centre of A. Following [5] , we write A⊗ R A for the submodule of A ⊗ R A given by the kernel of the map ϑ, Observe that condition (v) makes sense because of (i) and the fact that A⊗ R A is a k-algebra. Note, however, that (iv) does not express that is an algebra map. The R/k-bialgebras form a category
in which a morphism f : A → B is a map which is at the same time a homomorphism of k-algebras with unit and a homomorphism of coalgebras in the category of left R-modules.
Example 2.2.
(1) If a unital k-algebra A extends R such that R lies in the centre of A, an R/k-bialgebra structure on A is the same as an ordinary R-bialgebra structure on A.
(2) Let U (R, L) be the universal enveloping algebra of a (k, R)-Lie algebra L (Section 1). The universal property implies that there exists a unique homomorphism of algebras
such that Δ(r) = 1 ⊗ r = r ⊗ 1 and Δ(X) = 1 ⊗ X + X ⊗ 1 for any r ∈ R and X ∈ L. With the counit : U (R, L) → R given by
and this gives a functor
(3) The convolution algebra of smooth functions with compact support on ań etale Lie groupoid G over a compact manifold M is a C ∞ (M )/R-bialgebra (see [13, 14] ).
Let A be an R/k-bialgebra. Then A splits as an R-module as A = R ⊕Ā , whereĀ = ker . The R-submoduleĀ is a subalgebra of A and carries a cocommutative coassociative coproductΔ :Ā →Ā ⊗ RĀ , defined bȳ
The R/k-bialgebra A can be reconstructed fromĀ,Δ and the multiplication onĀ.
The R-moduleĀ has a filtration
withĀ n = kerΔ (n) , whereΔ (n) denotes the iterated coproductĀ →Ā ⊗ R · · · ⊗ RĀ (n + 1 copies). We refer to this filtration as the primitive filtration ofĀ, and we also write A n = R ⊕Ā n (n ≥ 0). The submoduleĀ 1 is called the submodule of primitive elements and is also denoted by P(A). We observe that P(A) is a (k, R)-Lie algebra. Its Lie bracket is given by the commutator in A, and its representation ρ : P(A) → Der k (R) is given by ρ(a)(r) = (ar). Indeed, note that
and from this it follows easily that ρ is an R-linear homomorphism of Lie algebras.
We call
The R/kbialgebra A is graded projective if each of the subquotients A n+1 /A n =Ā n+1 /Ā n is a projective R-module. We say that A is of finite type if P(A) is finitely generated as an R-module. We will use these notions in several theorems stated below. Example 2.3. It follows from the Poincaré-Birkhoff-Witt theorem that the primitive filtration of the universal enveloping algebra U (R, L), associated to a (k, R)-Lie algebra L, coincides with its natural filtration if L is projective as a left R-module. Furthermore, the universal enveloping algebra U (R, L) is in this case cocomplete and graded projective. Finally, the universal enveloping algebra of a Lie algebroid is cocomplete, graded projective and of finite type.
Remark 2.4. Let A be a cocomplete graded projective R/k-bialgebra. In particular, this implies that A and all A n are projective R-modules. We write gr(Ā) = ∞ n=1 gr n (Ā), where gr n (Ā) =Ā n /Ā n−1 . There is a cocommutative coassociative comultiplicationΔ gr on gr(Ā), induced byΔ, such that
and ker(Δ gr ) = gr 1 (Ā). Furthermore, the non-counital coalgebra gr(Ā) is cocomplete, i.e. 
A Cartier-Milnor-Moore theorem
We have already seen that the universal enveloping algebra construction defines a functor
In the other direction, there is a functor The second part of the theorem was proved by Nichols [15] in the special case where R is a field extension of k, with a different proof. The second part of the theorem in particular implies the following property of the counit of the adjunction, which is an analogue of the Cartier-Milnor-Moore theorem for Hopf algebras:
Corollary 3.2. Let A be a cocomplete graded projective R/k-bialgebra. Then there is a canonical isomorphism of R/k-bialgebras A ∼ = U (R, P(A)).
Remark 3.3. In particular, if A is a cocomplete graded projective C ∞ (M )/Rbialgebra of finite type, then, up to an isomorphism, it is the universal enveloping algebra of a unique Lie algebroid over M .
Proof of Theorem
clearly lands in the submodule of primitive elements, and this defines the unit of the adjunction, , L) ) . For an R/k-bialgebra A, the inclusion P(A) → A induces, by the universal property of the universal enveloping algebra, a canonical algebra map
which in fact is clearly a map of R/k-bialgebras. This defines the counit of the adjunction.
The first part of the theorem states that these two maps satisfy the triangular identities
. These both hold by the (uniqueness part of the) universal property of the universal enveloping algebra.
If L is projective as a left R-module, then the Poincaré-Birkhoff-Witt theorem implies that U (R, L) is graded projective and cocomplete (because the natural and primitive filtrations coincide) and that α L is an isomorphism. For a graded projective cocomplete R/k-bialgebra A, the R-module P(A) is obviously projective, and it remains to show that in this case the map β = β A is an isomorphism.
It suffices to prove that the map of reduced non-counital coalgebras
is an isomorphism. For this, in turn, it is enough to show that the induced map of non-counital coalgebras
is an isomorphism. The projection gr(Ā) → gr 1 (Ā) = P(A) induces a map of noncounital coalgebras γ : gr(Ā) →S R (P(A)) by the universal property ofS R (P(A)) (Proposition A.2). Now consider the diagram
whereθ −1 is the inverse of the Poincaré-Birkhoff-Witt isomorphism θ (Section 1) restricted toS R (P(A)). All maps in the diagram are maps of non-counital coalgebras. Thus, to see that the diagram commutes, it suffices (again by the universal property ofS R (P(A)) stated in Proposition A.2) that
for the projection pr 1 :S R (P(A)) → P(A), which is clear from the explicit definitions. To finish the proof, recall from Remark 2.4 that gr(Ā) is cocomplete and ker(Δ gr ) = P(A), so that by Lemma A.1 the map γ is injective, while by the commutativity of the diagram it is also surjective. Thus γ is an isomorphism, and hence so is gr(β).
Appendix A. Cocommutative non-counital coalgebras
The main goal of this appendix is to prove some elementary properties of cocommutative non-counital coalgebras over a ring, in particular the universal property of the symmetric coalgebra. Although these results are presumably well-known, they are usually stated in the literature in the context of coalgebras over a field (see e.g. [1, 11, 19, 21] ).
As before, k denotes a field of characteristic 0 and R a unital commutative k-algebra. A cocommutative non-counital coalgebra over R is an R-module C, together with a cocommutative coassociative comultiplication δ : C → C ⊗ R C. (Note that we do not assume that C has a counit.) With the obvious maps, these cocommutative non-counital coalgebras over R form a category. For example, for an R/k-bialgebra A, the pair (Ā,Δ) is an object of this category.
As already discussed in this special case, any cocommutative non-counital coalgebra (C, δ) carries a primitive filtration
where C n is the kernel of the iterated coproduct δ (n) : C → C ⊗ R · · · ⊗ R C (n + 1 copies). We say that C is cocomplete if C = ∞ n=0 C n . (In the literature, one also uses connected or conilpotent.) If C is cocomplete and C n are all flat R-modules, then C is a flat R-module as well. Notice that in this case δ :
Lemma A.1. Let f : C → D be a morphism of cocomplete cocommutative noncounital coalgebras over R, and assume that all the submodules C n , D n are flat. If
Proof. We prove by induction that f n = f | C n : C n → D n is injective. Assuming this has been proved for f n , injectivity of f n+1 follows from the diagram
since the map at the bottom is injective by the flatness assumption. Indeed, we have ker(f n+1 ) ⊂ ker(δ C ) = C 1 and C 1 ∩ ker(f ) = {0} by assumption.
Let V be an R-module. We denote by S R (V ) the symmetric algebra on V . It is a graded algebra, where S n R (V ) is the space (V ⊗ R · · ·⊗ R V ) Σ n of coinvariants of the n-fold tensor product. The algebra S R (V ) is the free commutative unital R-algebra on V . Therefore, the map Δ :
giving S R (V ) the structure of a commutative and cocommutative bialgebra over R.
where L is V viewed as a (k, R)-Lie algebra with zero bracket and representation.)
The bialgebra S R (V ) also has a universal property as a coalgebra, most easily stated in terms of the R-moduleS R (V ) = Proof. Let g 1 : C → V = S 1 R (V ) be an R-linear map. We will define a map g n : C → S n R (V ), for each n ≥ 2, in such a way that these together form a coalgebra map g = (g n ) :
Note that for g to be a coalgebra map, there can be at most one such g n , since it will have to make the diagram
commute. In fact, we can use this diagram to define g n , because C is cocommutative andΔ (n+1) gives an isomorphism between S n R (V ) and the subspace of Σ n -invariants of S 1 R (V ) ⊗ R n . (Here we used the assumption that the characteristic of k is 0.)
The cocompleteness of C implies that g is well defined. To see that g is indeed a map of coalgebras, we show by induction on n that the diagram
commutes. For n = 1 there is nothing to prove, and for n = 2 this holds by definition of g 2 . Take n > 2, and suppose that the commutativity of (1) 
where all p i ≥ 1 and
Our aim is to prove that the top square in (2) commutes. By the induction hypothesis, the two parallel squares at the second level commute, as do the parallel squares at each lower level. Furthermore, the outer square commutes by the definition of g n , as the vertical compositions C → C ⊗ R n all agree and define δ (n+1) , and similarly for all the vertical compositions S n R (V ) → (S 1 R (V )) ⊗ R n . Thus, to show that the top square commutes, it suffices to prove that the joint kernel of all possible vertical compositions
is zero, which can easily be checked (note thatΔ: S n R (V ) → p 1 +p 2 =n (S p 1 ⊗ R S p 2 ) is a split injective map of left R-modules if n ≥ 2).
